
Institute for Mathematical Stochastics GÄottingen
1

Model Selection and Testing Strategies
in Statistical Inverse Problems

Axel Munk

Institut fÄur Mathematische Stochastik
Georg{August UniversitÄat GÄottingen

www.stochastik.math.uni-goettingen.de

Joint work with N. Bissantz, L. Boysen, T. Hohage, H. Holzmann, F.Ruymgaart

DFG graduate program 1023: Identi¯cation in Mathematical Models
DFG grant: Statistical Methods of Model Selection in Regression (joint with C. Czado)



Institute for Mathematical Stochastics GÄottingen
2

Overview

- Introduction/Examples

- Linear Statistical Inverse Problems

- Nonlinear Inverse Problems

- Testing Parametric Assumptions

- Discussion



Institute for Mathematical Stochastics GÄottingen
3

Introduction

Two problems areinversesof each other, if the
formulation of each involves all or part of the
solution of the other. Historically, one direction of
the problem is well-studied since long time ago
(usually called the "direct" problem), the other only
recently studied and less well understood ("inverse
problem").

(J.B. Keller '76, Am. Math. Mon.)
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Introduction

Here is the answer...
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Introduction

... but what was the question?
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Introduction

Example 1 (Num. di®erentation / integration)

Direct problem:

F (x) = ( Kf )(x) =
Z x

0
f (t)dt; f 2 C(0) [0; 1]

Deterministic error - model

f n;±(t) = f (t) + ±sin
µ

nt
±

¶
; ± noise level

This implies

jj f n;± ¡ f jj 1 = ±

jjFn;± ¡ F jj 1 =

¯
¯
¯
¯
¯

¯
¯
¯
¯
¯
±2

n

Z nx=±

0
sin(t)dt

¯
¯
¯
¯
¯

¯
¯
¯
¯
¯
1

= O(
±2

n
)
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Introduction

Inverse problem: The same error model

Fn;±(x) = F (x) + ±sin
³ nx

±

´

jjFn;± ¡ F jj 1 = ±

but

F 0
n;±(x) = F 0(x) + n cos

³ nx
±

´

hence

jjF 0
n;± ¡ F 0jj 1 = n; ± ! 0
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Introduction

{ If f 2 W k
2 , then the optimal rate of

reconstruction off 0 is O(±k=(k+1) ), ± ! 0.

{ The rate O(±) is only achieved forwell posed

problems, else we call a problemill posed.
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Introduction

Example 2 (Estimation of a density/distribution function)

F (x) = ( Kf )(x) =
Z x

0
f (t)dt

Data model

X 1(f ); ¢ ¢ ¢; X n (f ) » F; i.i.d.

Direct problemEstimateF , e.g. byFn , empirical c.d.f.

F = Fn + ( F ¡ Fn )

Error model

jjFn ¡ F jj 1 = Op(
1

p
n

); 1=
p

n » ±
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Introduction

Inverse problem: EstimateF 0= f .

{ Minimax rates forf 2 W k
2 slightly worse

(...,Nussbaum/Pereverzev'99,¢ ¢ ¢)

{ The rateOp(1=
p

n) is calledparametric



Institute for Mathematical Stochastics GÄottingen
11

Introduction

parametric= well posed
nonparametric= ill posed



Institute for Mathematical Stochastics GÄottingen
12

Linear Statistical Inverse Problems

Generic noisy equation

Y = K f + error

Fields of applications:

K imbedding operator: regression

Economy: errors in variables, instrumental variables (random
K )

Physics/engeneering: deconvolution (imaging,
microscopy,...),

Medicine: tomography, biomedical imaging, estimation of
tumor size and distribution)

Material science, ....
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Linear Statistical Inverse Problems

Example 3 (Quasi-deconvolution)
Observe

X 1; : : : ; X n
i:i:d:» X = Y + W:

Reconstruct the densityf of Y from the densityq of X

q = K (f ) :=
Z

e¡ (¢¡ y)2=¾2 (y)

p
2¼¾2(y)

f (y)dy:
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Linear Statistical Inverse Problems
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Figure 1: Estimation of a bimodal mixture of two normal densities: upper
left panel: true densityf (¢), upper right panel: q̂(¢), lower left panel:
estimated densityf̂ (¢), the lower right panel: variance function¾2(¢).
The estimatorf̂ (¢) was truncated at zero and renormalized.
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Linear Statistical Inverse Problems

Example 4 Estimation of the globular cluster luminosity function in the
Antennae galaxies (NGC 4038/4039). (P.Anders, N. Bissantz, L.Boysen,
R. de Grijs, U. Fritze v. Alvensleben)

Figure 2: The antennae galaxies
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Linear Statistical Inverse Problems
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Figure 3: left: estimated luminosity densitŷf (¢), middle: q̂(¢), right: local
polynomial estimate of the std-function̂¾(¢).

Is this a power law or the tail of a normal r.v.?
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Nonlinear Inverse Problems: Inverse obstacle scattering

impenetrable

obstacle Kinfalling wave

scattered wave

Estimate the shape of K

from observations of the

scattered field at large 

distances!
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Nonlinear Inverse Problems: Inverse obstacle scattering
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Figure 4: Reconstruction ofR(u1 ) and the shape of the scattererK .

Does the obstacle has a speci¯c shape (e.g. a circle)?
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Reconstruction methods / estimation

Try to solve a noisy operator equation

Y = Kf + ²

K : H1 ! H2 bounded, injective

K y = ( K ¤K )¡ 1K ¤ : R(K ) © R(K )? ! H1 unbounded.

Regularised inverse:

ApproximateK y by a sequence ofboundedoperators
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Reconstruction methods / estimation

Example 5 (Tikhonov regularisation / ridge regression / MOR,
penalised least squares, Bayes, ...)

jjKf ¡ Y jj2 + ®jj f jj2 ¡! min

Tikhonov estimator (Nychka/Cox '89, O'Sullivan '90, Bissantz, Hohage,
M.'04,...)

f̂ ® = ( K ¤K + ®I )¡ 1K ¤Y;

® = ®(n) & 0 regularisation parameter.
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Reconstruction methods / estimation

Example 6 (Spectral cut o®, Orthogonal series estimator)K compact.

g = Kf =
1X

n =0

¾n < f; Á n > gn ;

Singular system(¾n ; Án ; gn )n 2 N. Under Picard condition:

f =
1X

n =1

¾¡ 1
n < g; gn > Á n

SC-estimator (Diggle/Hall'93, Mair/Ruymgaart'96, ...)

f̂ ® =
X

n :¾n ¸ ®

¾¡ 1
n < Y; gn > Á n

{ Easy to compute

{ Requires full spectral information, SVD
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Reconstruction methods / estimation

Example 7 (Iterative Methods)

Landweber iteration (1952):

f̂ 0 = 0; f̂ k+1 = f̂ k + K ¤(Y ¡ K f̂ k); k = 0; 1; : : :

{ Here k = k(n) is a regularisation parameter

{ Close connection toL2 boosting (BÄuhlmann, Yu'04)

{ Does not require SVD
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Reconstruction methods / estimation

Many more methods: tapered OSE's, wavelet-vaguelette
(Donoho'95), ...

Convergence analysis: General spectral estimators (e.g.
º -methods) (Bissantz, Hohage, M., Ruymgaart'05):

f̂ ® = © ®(K ¤K )K ¤Y
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Testing parametric assumptions

Wanted:

parametric model

f 2 U = f f #g#2 £ £ µ Rd; d 2 N

Parametric models are attractive:

² Estimation off reduces to est. of#
LSE, MLE, ...

² Prediction, con¯dence regions . . .

² U has an interpretation (model building stems from
subject matter!)

²
p

n-consistent /well posed
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Testing parametric assumptions

Goodness of Fit Testing

Method : Find 'good' statisticTn and perform a test for

H : f 2 U, i.e. decide in favour ofU if no 'signi¯cant'
deviation from the null model exists

Regression, density testing: classical topic.
For inverse problems almost nothing has been done (in IV
models: Darolles, Florens, Renault'04, Horrowitz '05)

Testing a classical Null
does de¯nitively not work with large data!
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Modeling the Milky Way (MW)
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Modeling the Milky Way (MW)
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Modeling the Milky Way (MW)

COBE'89: Milky Way in the near infrared

This is not deconvolution, but a moderately ill posed problem
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Modeling the Milky Way (MW)

Parametric models of the Milky Way:
BGS model (Binney et al.'97):½(x) = ½d (x) + ½b (x).
Other models: Dwek et al.'95, Freudenreich'99, Drimmel & Spergel'01.
Disk density ½d :

Bulge density ½b : Ellipsoidal component characterized by scale
length, normalisation, axis ratios.
Spiral structure: \Logarithmic spiral arms", Ortiz & Lepine'93,
characterized by width of arms & pitch angle£ .
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Modeling the Milky Way (MW)

Classical assumption:model holds(Bissantz, M.'02)

Model Spiral structure (p-value)

\A" four spiral arms 0:022

\B" without spiral arms 0:0009

\C" two spiral arms 0:027

\D" intermed. 2/4-arms 0:001

Conclusion:

{ All parametric models are to be discarded. But in real life nonzero
distance model-thruth is expected anyway!

{ If a parametric model is selected, a two spiral-arms model hasto be
preferred
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What are the right hypotheses?

Reasons for these results:

² n too large

² p-value small: do we detectrelevantdeviations

from the null model?
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What are the right hypotheses?

The other way around: What tells acceptance of the null?

Tests forH : f 2 U control type I error:

Decide againstU, althoughU holds

But in goodness of ¯t: The more serious consequences arise
when we wrongly acceptU. This becomes even worse in
inverse problems!

ABSENCE OF EVIDENCE
is not

EVIDENCE OF ABSENCE
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What are the right hypotheses?

Claim
In goodness of ¯t problems the

type II error
is often the more important one!

Hence: investigate the behaviour ofTn if f is not inU and
try to utilize this for inference.

This could be done by specifying ameasure of discrepancy,
e.g. the minimalL2-distancejj f ¡ Ujj : (Hodges, Lehmann'54,
Goutis, Robert'98, Dette, M.'98, Lindsay'05, ...)
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Some theory: deconvolution

Deconvolution modelObserve i.i.d. random variablesX k with
densityg from the model

X k = Zk + ²k ;

² (²k) i.i.d. with known densityÃ, independent of theZk ,
and

² (Zk) are i.i.d with densityf .

Aim: Inference about the densityf of the unobservedZk 's.
We restrict to tests about a singlef 0. Use

g = f ¤ Ã = AÃ f:
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Tests based onH : deconvolution problem

Estimatef by

f̂ n (x) =
1

2¼

Z

R
e¡ itx ©K (ht)

©̂n (t)
©Ã(t)

dt:

As test statistic use (K h(x) = K (x=h)=h),

Tn =
Z

R

¡
f̂ n ¡ K h ¤ f 0

¢2
(x) dx

=
1

2¼

Z

R

j©K (th)j2

j©Ã(t)j2
j©̂n (t) ¡ ©g0 (t)j2 dt:
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Ordinary smooth case

Error densityÃ : ordinary smooth if

©Ã(t) » CÃ jt j¡ ¯ ; ¯ > 0:

Then under the simple hypothesesH : f = f 0,

nh2¯ +1 =2
³

Tn ¡
C2

ÃCK; 1

2¼ nh2¯ +1

´
L! N

³
0;

C4
ÃCK; 2kg0k2

¼

´
:

{ The constants can be computed

{ This can be extended to composite hypotheses.
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Fixed alternatives

Under a ¯xed alternativef 6= f 0,
p

n
¡
Tn ¡ k f ¡ f 0k2

¢ L! N
¡
0; ¿2

f;f 0

¢
;

if jÁf (t)j; jÁf 0 (t)j · j t j¡ r , r > ¯ + 1 & assumptions on
bandwidthh.

{ There is also a bootstrap version.

{ This can be used formodel validationtests,

H : jj f ¡ Ujj > ¢ againstH : jj f ¡ Ujj · ¢

or for con¯dence intervalsfor jj f ¡ Ujj .
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Fixed alternatives

What is know for the supersmooth case?

Normal deconvolution, pointwise asymptotics:
p

n
he1=(2h2 )

¡
f̂ n (x) ¡ K h ¤ f (x)

¢ L! N
¡
0;

1
2¼2

¢
;

van Es and Uh (2004, 2005) (for the sinc kernel).

H : f = f 0 (Holzmann, Boysen'05)

2¼n
h exp(1=h2)

Tn
L! (Y 2

1 + Y 2
2 )=2;

whereY1, Y2 are i.i.d. standard normal.
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Parametric models of the Milky Way

2/4

2

0

4

4=4-armed model A
0=model B (no arms)
2=2-armed model C
2/4=intermed. model D

Bootstrappedp-value curves for these models.
x-axis: ¦ = jj f ¡ Ujj
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Conclusions

² Finally the (astro-)physicist has to decide whether a value
of M = ¦ should be regarded asscienti¯cally negligibleor
as deviation between the \true" density and the
parametric model which is considered asrelevantby
astrophysical reasons

² Model testing is done w.r.t. anonparametric reference
model

² The Milky Way:Nonparametric modeling is probably
necessary! If this is not wanted, model 2/4 is most
appropriate!
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Extensions, work in progress

{ inference for noisy Fredholm equations

{ con¯dence bands

{ parameter selection strategies

upcoming event : March 23-25, 2006, Conference on
Statistical Inverse Problems, GÄottingen

http://www.num.math.uni-goettingen.de/gk


